Monolayer superconducting transition metal dichalcogenide NbSe2 is a candidate for a nodal topological superconductor by magnetic field. Because of the so-called Ising spin-orbit coupling that strongly pins the electron spins to the out-of-plane direction, Cooper pairs in monolayer superconductor NbSe2 are protected against an applied in-plane magnetic field much larger than the Pauli limit. In monolayer NbSe2, in addition to the Fermi pockets at the corners of Brillouin zone with opposite crystal momentum similar to other semiconducting transition metal dichalcogenids, there is an extra Fermi pocket around the Γ point with much smaller spin splitting, which could lead to an alternative strategy for pairing possibilities that are manipulable by a smaller magnetic field. By considering a monolayer NbSe2-ferromagnet substrate junction, we explore the modified pairing correlations on the pocket at Γ point in hole-doped monolayer NbSe2. The underlying physics is fascinating as there is a delicate interplay of the induced exchange field and the Ising spin-orbit coupling. We realize a mixed singlet-triplet superconductivity, s + f , due to the Ising spin-orbit coupling. Moreover, our results reveal the admixture state including both odd-and even-frequency components, associated with the ferromagnetic proximity effect. Different frequency symmetries of the induced pairing correlations can be realized by manipulating the magnitude and direction of the induced magnetization.
I. INTRODUCTION
The search for unconventional superconductors (SC) such as high-temperature SC 1,2 , noncentrosymmetric SC 3-5 and topological SC 6-8 has witnessed growing interest during the past decade. In noncentrosymmetric SC, an anisotropic spin-orbit coupling (SOC) is created in these materials because they lack a center of inversion. Based on the amplitude of the anisotropic SOC, the noncentrosymmetric materials exhibit a number of interesting features, in contrast to the centrosymmetric materials. For example, the usual classification of the superconducting pairings in terms of their spatial symmetry is no longer valid in these systems because the parity is not a good quantum number. As a result, lack of inversion symmetry supports the pairing wave function including both parity-even and parity-odd functions 3 .
Unconventional odd-frequency superconductivity is a dynamical phenomenon in which the fermionic wave function of the Cooper pair has to change sign when interchanging two particles in time or equivalently be odd in frequency due to the Pauli exclusion principle. Unequal time pairings could lead to an extension of the superconducting gap parameters to states such as spintriplet even-parity or spin-singlet odd-parity states 9,10 . Berezinskii 11 proposed odd-frequency pairing for describing the 3 He superfluidity and then later in superconductivity 12 . In recent years, many theoretical studies and experimental indications have demonstrated the possibility of an odd-frequency SC in different heterostructures [13] [14] [15] [16] [17] [18] [19] . Furthermore, the theoretical investigations have illustrated the existence of the odd-frequency superconducting pairing in multiorbital superconductors due to the band label behaviors as an additional symmetry [20] [21] [22] [23] [24] and in two dimensional materials coupled to superconductors 25, 26 . Broken time-reversal symmetry occurs by magnetic field; it is possible to create an admixture state including both odd-and even-frequency components. Recent studies indicate the existence of an important connection between odd-frequency pairing correlation and zero Majorana fermions 10, 16, [27] [28] [29] [30] [31] . Since the Majorana fermion operator is Hermitian, i.e., γ † = γ, the resulting normal Green's-function G(τ ) = − T τ γ † (τ )γ(0) is at the same time the anomalous Green's-functions F(τ ) = − T τ γ(τ )γ(0) . Note that a single Majorana bound state has no extra degrees of freedom such as spin, or momentum, and therefore the odd-frequency state is possible because the time retarded correlator T τ γ(τ )γ(0) is odd in the time argument. In the case of zero-energy Majorana fermions, G(ω n ) = F(ω n ) = 1/iω n . Consequently, the Majorana fermions can be utilized as a platform for realizing the odd-frequency pairing correlations.
Monolayer transition-metal dichalcogenides (TMDs), a large family of two-dimensional materials, have a honeycomb lattice structure similar to graphene from the top point of view. TMDs consist of three atomic layers wherein a transition metal layer is sandwiched between two outer chalcogen layers. The atoms are arranged in a triangular configuration in each layer 32, 33 . Monolayer TMDs have the point group symmetry D 3h , lacking inversion symmetry. Therefore, they are inherently noncentrosymmetric systems. In the monolayer TMDs, a special type of SOC is produced (also called Ising SOC) due to the strong atomic SOC of the d orbitals of the heavy metal atoms and the broken in-plane inversion symmetry [34] [35] [36] [37] [38] [39] . Ising SOC gives rise to out-of-plane spin polarization in contrast to the Rashba SOC, which polarizes the electron spins in the in-plane direction. The Ising SOC lifts the spin degeneracy of fermions in momentum space, which could lead to an alternative strategy for pairing possibilities 39, 40 and spin-polarized currents 41, 42 in TMDs. In the present paper, we study proximity-induced superconductivity in ML-NS due to an external exchange field originating from different ferromagnet substrates by considering a ML-NS/ferromagnet junction as depicted in Fig. 1(a) . The relevant band dispersions for the two different magnetic substrates such as metallic ferromagnet and half metallic ferromagnet shown in Fig. 1(b) . As is clear, in the half-metallic ferromagnet, only one spin subband is partially filled. In the case of the metallic ferromagnet, the chemical potential crosses both spin subbands causing both spin channels to contribute to conduction. As will be discussed, as a result of the interplay of Ising SOC and magnetization, various superconducting order parameters appear in ML-NS, which could be symmetric or antisymmetric with respect to the spin degree of freedom and as well as odd or even in frequency. For this end, we compute the modified anomalous correlation function in ML-NS using the Matsubara Green'sfunction formalism 54 . Then, we proceed to perform a symmetry analysis on the modified pairing potential in ML-NS due to the proximity effect. Our results reveal that it is feasible to engineer the frequency symmetry of the superconducting order parameters in ML-NS by varying the magnetization orientation as shown in Fig. (2) . In the absence of the exchange field, the mixed super- conducting order parameters are even in frequency, while the interplay of exchange field and SOC could give rise to the admixture pairing correlations including both evenand odd-frequency components. Finally, we will continue with a brief discussion of the created pairing correlations in ML-NS due to the proximity effect of different ferromagnet substrates such as metallic and half metallic ferromagnets.
II. HAMILTONIAN
The six-band tight-binding model recently proposed for ML-NS in the basis of
where
and where c k,α (c † k,α ) annihilates (creates) an electron with momentum k = (k x , k y ) and spin α =↑, ↓, λ so is the strength of the intrinsic Ising SOC in ML-NS and σ 0 , σ z are the identity and Pauli matrices, respectively. The 3×3 matrices H 0 (k) and L z are given by
There are more details regarding the matrix elements of H 0 (k); see supplementary information in He. et al 55 . The band structure of ML-NS in the normal state, obtained by a tight binding calculation, shown in Fig. 1(c) . Since the number of electrons in the outermost of an Nb atom is one less than in Mo and W atoms, the chemical potential of ML-NS, denoted with a green dashed-line in Fig. 1(c) , lies inside the valence band. Noted that the dominated orbitals in the valence-band of ML-NS are the d z 2 , d xy and d x 2 −y 2 orbitals of the Nb atoms 56, 57 . As shown in Fig. 1(c) , the strong Ising SOC leads to enhanced spin-split as large as 150meV 58 in the valence bands near the K points. As a result, it is worth mentioning that the superconducting states near the K points survive in the presence of a strong in-plane magnetic field. In ML-NS, in addition to the two Fermi pockets at the corners of the Brillouin zone (BZ) with opposite crystal momentum (±K) similar to other TMDs, there is an extra pocket around the Γ point of BZ at the Fermi level. However, very weak spin splitting valence bands for the spin-up and spin-down electrons around the Γ point could lead to an alternative strategy for unconventional pairing possibilities between the d z 2 orbitals, which are dominant around the Γ point 58 . The Bogoliubov-de Gennes Hamiltonian of ML-NS including spin-singlet pairing reads as follows 55 :
is the Nambu space operator and
in which the parameters m v and µ v correspond to the valence-band effective mass and the Fermi energy measured from top of the valence band, respectively. The superconducting energy gap of ML-NS, defined by ∆ sc and k = k 2 x + k 2 y , is the magnitude of the in-plane momentum. Here, τ i and σ i (i = x, y, z) are Pauli matrices in the particle-hole and spin spaces, respectively. Moreover, τ 0 is corresponding to an identity matrix. Here, we set λ so =80 meV and ∆ sc =5 meV.
To explore the induced-superconducting in an ML-NS due to the ferromagnetic proximity effect, we consider a heterostructure including a ML-NS and a ferromagnet substrate as schematically shown in Fig. 1(a) .
The spin polarized electrons of a ferromagnet substrate in Nambu space can be expressed at the basis ϕ q = (a q↑ , a q↓ , a † −q↑ , a † −q↓ ) as follows:
in which J is an exchange field with components as J = (J x , J y , J z ) and q = |q|. Here, a † qσ (a qσ ) operator creates (annihilates) an electron with momentum vector q = (q x , q y ) and spin σ =↑, ↓ inside the ferromagnet substrate. The parameters m e and µ F address electron mass and Fermi energy in ferromagnet substrate, respectively. To investigate the possibility of realizing unconventional SC in ML-NS due to the scattering of Cooper pairs from the ferromagnet substrate, one can assume a tunneling between the ferromagnet substrate and ML-NS, which can be modeled via a coupling Hamiltonian as follows:
in which the parameter t is the tunnel coupling between ML-NS and the ferromagnet substrate in the junction with the same spin and momentum. The total Hamiltonian for describing the ML-NS/ferromagnet heterostructure can be defined as
III. FORMALISM
We proceed to inspect the symmetry of the modified Cooper pairs in ML-NS due to the ferromagnetic proximity effect with an arbitrary magnetization direction with respect to the Ising SOC. For this purpose, we evaluate the modified pairing correlations in ML-NS by utilizing the Matsubara Green's function formalism 54 . The uncoupled Green's-function of ML-NS is written as: where ξ k,ν = E k + νλ so ϑ k is the electron excitation spectrum with subband index ν = ±1 standing for the spin-up and spin-down energy bands. The Green's function of the ferromagnet substrate can be expressed as
, which is a block diagonal matrix in the Nambu spinor representation as follows:
Using Dyson equation, the total Green's function of the whole model Hamiltonian H ML−NS−F reads as follows:
The magnetic proximity effect on ML-NS comes into play through the self-energy, which has the following form:
The Green's function of ML-NS due to the ferromagnetic proximity effect using Eq. (12) is given by:
In the following, we will focus on the weak coupling regime where the ferromagnetic proximity effects minimally influence the electronic band structure of the ML-NS. Therefore, it is convenient to approximate the total Green's function in the second-order perturbation of the tunneling parameter t as the following expression:
As a result, the modified anomalous Green's functions of ML-NS are given by:
It should also be noted that an electron with momentum k can only tunnel to a state in the ferromagnet substrate with momentum q = k due to the momentum conservation ? , and assume any spin-flip scattering process occurs at the ML-NS/ferromagnet heterostructure.
IV. SYMMETRY OF THE INDUCED SUPERCONDUCTING CORRELATIONS
At zero temperature, the retarded anomalous Green's function is afforded by substituting the Matsubara frequency by its analytic continuation iω n → ω + iη. Hereinafter, for simplicity we ignore the imaginary part, i.e., η. To investigate the symmetry of the induced superconducting pairing correlations, we rewrite the retarded anomalous Green's function in a matrix form as follows:
in which the singlet F s (k, ω) and triplet F t (k, ω) pairing correlations can be obtained using the modified anomalous Green's functions in Eq. (16) as follows:
The induced singlet and triplet pairing correlations in ML-NS at zero temperature in more details are given by
are even functions in frequency (see the Appendix). To be consistent with Fermi-Dirac statistics, there are different classes of Cooper pairs based on the possible symmetries of the pairing correlations in three degrees of freedom, .i.e., frequency, spin and spatial parity. As is clear from Eq. (19), the unique Ising SOC supports an admixture state of a spin-singlet state and an opposite spin-triplet state (m = 0) in the absence of the induced exchange field. Production of the opposite spintriplet pairing correlation originates from the fact that the triplet pairing should be aligned to the SOC direction, F t (k, ω)||ẑ 59 . In other words, the equal-spin spintriplet pairing correlations (m = ±1) are exactly zero because H ML−NS commutes with σ z . In the absence of the exchange field, the admixture state is fully even in frequency due to the time-reversal symmetry, although our results show that the novel admixture state including both odd-and even-frequency components for when the induced exchange field is collinear with respect to the Ising SOC. While the induced magnetization is misaligned with the spin quantization axis, the interplay of SOC and the induced magnetization results in a noncollinearity ferromagnet at the Fermi level, as illustrated schematically in Fig. 1(d) . As a result, the existence of the equal spin-triplet pairing correlations guaranteed in an ML-NS owing to the desirable effect of the misaligning magnetization. Unlike equal spin-triplet pairing correlations that have been demonstrated to be in plane in the multi-layer systems due to the non-collinear ferromagnet, the equal spin-triplet pairings in ML-NS aligned out of plane [60] [61] [62] .
V. RESULTS
To proceed to classify the pairing correlations according to their symmetry properties with respect to three degrees of freedom, i.e., frequency, spin, and spatial parity, we define the renormalized pairing correlations by the singlet gap parameter in the absence of the proximity effect:F
At first sight, let us start to study the symmetry properties of the pairing correlations with respect to frequency. The even-frequency superconducting order parameter is characterized asF(k, ω = 0). SinceF
always diminishes at equal time (ω = 0) as required by the Pauli principle, the odd-frequency superconducting order parameter is defined as ∂ ωF (k, ω)| ω=0 . Magnitudes of the even-and odd-frequency superconducting pairings in ML-NS for an arbitrary magnetization J in the xz plane are shown in Fig. 2 . Note that we choose a special k in our calculations; however, the same qualitative behavior is obtained for other values. In the absence of the induced magnetization, an admixture state of spinsinglet and opposite spin triplet pairings is generated in ML-NS that is even in frequency. According to our results, the odd-frequency order parameter begins to grow by increasing the induced magnetization irrespective of its direction and the even-frequency order parameter decreases by simultaneous measuring. In order to favor the odd-frequency spin-triplet even-parity order parameter, the induced exchange field needs to be out of plane. The importance of the odd-frequency spin-triplet evenparity pairing correlation is more closely related to the existence of the Majorana fermions 16, [27] [28] [29] [30] [31] . The evenparity nature of this special pairing plays a very important role in robustness against disorder 63 . Next, we investigate the parity symmetry of the pairing correlations for a finite magnetization to be oriented in the x direction (θ = π/2 and φ = 0). As is apparent in Eq. (19) , the x component of the equal spin-triplet pairing is odd in frequency while F s (k, ω), F t z (k, ω), and F t y (k, ω) are even in frequency. To illustrate the momentum dependencies of the anomalous Green's functions, we plot amplitudes and complex phases of the anomalous Green's functions in Fig. 3 . Our results are entirely consistent with the Pauli principle. Since the complex phases of F s (k, ω) and F t x (k, ω) are unchanged for any k, these components are even in parity. While for the other anomalous Green's functions, F 
, for a finite magnetization J=1.5 eV in the x direction and µF=12 eV. The results shown are for ω=2 meV, but the behavior is the same for all frequencies as well.
k, then these pairing correlations are odd in parity.
It is worth noting that the spin singlet and the opposite spin-triplet pairing correlations become dominant to the equal spin-triplet components. The spin-singlet pairing has a s-wave symmetry state that is a fully gapped superconducting state, while the opposite spin-triplet pairing acquires six nodal lines in the corners of the BZ; therefore, it has a f -wave symmetry state. As shown in Fig. 3(b) , the complex phase of F t z (k, ω) near the BZ corners changes suddenly, causing the opposite spin triplet pairing to stay odd in parity. As a result, the interpocket pairing state allowed on the pocket at Γ point owing to both the s-wave and f -wave pair states belongs the same irreducible representation of the point group D 3h .
Next, we present in Fig. 4 the pairing amplitudes of the induced admixture state in ML-NS due to the magnetic proximity effect of different magnetic substrates. Note that the ratio of the exchange field to the Fermi energy is smaller than 1 for the metallic ferromagnet, while the ratio of |J|/µ F is larger than 1 for a fully spinpolarized half-metallic ferromagnet. Cobalt, for example, is a metallic ferromagnet with |J|/µ F ≈ 0.1 64 and CrO 2 is a half metallic ferromagnet with |J|/µ F ≈ 1 65 . As is apparent in Fig. 4 , the proximity effect of a half-metallic ferromagnet is seen to result in a reduction in the magnitude of the spin-singlet pairing correlation related to the metallic ferromagnet substrate. By considering the spin quantization axis along the z direction, the spin state of an electron at ML-NS (|α ) for when the magnetization has only in plane components, can be expressed as a superposition of the spin states of the ferromagnet substrate (|± ), as |α = n|+ + m|− . Therefore, elec- trons with the up-and down-spins in ML-NS can tunnel through, into, and out of the ferromagnet substrate, while for another spin, the ferromagnet substrate would be an insulator. It is worth mentioning that only the phase of the electron is completely reected from the ferromagnet interface, be affected by scattering process To understand the difference in the magnitude of the spin singlet pairing correlation in ML-NS due to the proximity effect originated for the various ferromagnet substrates, we define the wave function of the spin singlet Cooper pairs at the proximity of a ferromagnet substrate as: ψ s ∝ |r ν ||r ν |e (η+η ) (| ↑↓ − | ↓↑ ), in which r ν and η are the reflection amplitude and the phase shift due to the scattering of electrons from the ferromagnet interface. In the case of the metallic ferromagnet, both spin reflection amplitudes are smaller than one (|r ν,ν | < 1) while the reflection amplitude of one kind of spin is perfectly equal to one in the half-metallic ferromagnet. Therefore, this causes the Cooper pair wave function to be more intensely affected in the case of the half-metallic substrate.
VI. CONCLUSIONS
Experimental studies have demonstrated the existence of an Ising SC in ML-NS in an in-plane critical upper magnetic field several times higher than the Pauli paramagnetic limit. In ML-NS, in addition to the two Fermi pockets at the valley points (±K) similar to other TMDs, there is an extra pocket around the Γ point of BZ at Fermi level with weak spin splitting valence bands for the spin-up and spin-down electrons around the Γ point, which could lead to an alternative strategy for new pairing possibilities. For this purpose, we started from the Bogoliubov-de Gennes Hamiltonian of ML-NS including spin singlet pairing to investigate the induced unconventional superconducting phase in ML-NS due to the ferromagnet proximity effect. In order to characterize the symmetry of the induced pairing correlations in ML-NS, we obtained the anomalous Green's-functions via the Matsubara Green's function formalism. Our analytical results clearly show that a mixed singlet-triplet superconductivity, s + f , can be generated in ML-NS, that includes both odd-and even-frequency components due to the ferromagnetic proximity effect. Frequencysymmetry of the pairing correlations can be manipulated by changing the magnitude and direction of the induced magnetization. There exists the possibility to extend our results for describing the induced unconventional superconducting state in a monolayer TaS 2 owing to the fact that monolayer TaS 2 has the similar electronic structure and the same symmetry properties as ML-NS, but with the stronger Ising SOC 50 . As a result, the upper critical field in monolayer TaS 2 is remarkably increased due to the large intrinsic SOC.
